A-GROUPOIDS IN KNOT THEORY 
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Abstract. A A-groupoid is an algebraic structure which axiomitizes the com- 
binatorics of a truncated tetrahedron. It is shown that there are relations of A- 
groupoids to rings, group pairs, and (ideal) triangulations of three-manifolds. 
In particular, one can associate a A-groupoid to ideal triangulations of knot 
complements. It is also possible to define a homology theory of A-groupoids. 
The constructions are illustrated by examples coming from knot theory. 



1. Introduction 

Let G be a groupoid and H its subset. We say that a pair of elements (x,?/) £ 
H X H is H-composable if it is composable in G and xy G H . 

Definition 1. A A-groupoid is a groupoid G, a generating subset H C G, and an 
involution j : H ^ H ^ such that 

(i) i{H) — H, where i{x) — x~^; 

(ii) the involutions i and j generate an action of the symmetric group §3 on 
the set H, i.e. the following equation is satisfied: iji = jij; 

(iii) if {x,y) G is a composable pair then {k{x),j{y)) is also a composable 
pair, where k = iji; 

(iv) if {x,y) g is 7?-composable then {k{x), j{y)) is also iJ-composable, and 
the following identity is satisfied: 

(1) k{xy)ik{y) k{k{x)j{y)). 

A A-group is a A-groupoid with one object (identity element). 

A morphism between two A-groupoids is a groupoid morphism / : G — > G" such 
that f{H) C H' and j' f = fj. In this way, one comes to the category AGpd of 
A-groupoids. 

Remark 1. Equation (1) can be replaced by an equivalent equation of the form 

■ij{x)j{xy) = j{k{x)j{y)). 

Remark 2. In any A-groupoid G there is a canonical involution A !—>■ A* acting 
on the set of objects (or the identities) of G. It can be defined as follows. Let 
dom, cod: G ObG be the domain (source) and the codomain (target) maps, 
respectively. As is a generating set for G, for any A G ObG there exists x G H 
such that A = dom(a;). We define A* — dom{j{x)). This definition is independent 
of the choice of x. Indeed, let y E H be any other element satisfying the same 
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condition. Then, the pair {i{y),x) is composable, and, therefore, so is {ki{y), j{x)). 
Thus\ 

dom(j(r/)) = cod{ij{y)) ~ cod{ki(y)) = dom(j(.T)). 

Remark 3. Definition 1 differs from the one given in the preprint [2] in the fol- 
lowing aspects: 

(1) the subset H was not demanded to bo a generating set for G so that it was 
possible to have empty H with non-empty G; 

(2) the condition (iii), which is essential in Remark 2, was not imposed; 

(3) it was implicitly assumed that any x & H enters an i?-composable pair, 
and under that assumption the condition (ii) was superfluous^. 

Example 1. Let G be a group. The tree groupoid G^ is a A-groupoid with H = G^, 
j{f,9) = {f-\f-^9)- 

Example 2. Let X be a set. The set can be thought of as a disjoint sum of tree 

groupoids X"^ indexed by X: X^ ^ \Jxex{x} x X"^. In particular, Oh{X^) = X"^ 
with dom(a, 6, c) = (a, 6) and cod(a, 6, c) = (a, c). This is a A-groupoid with 
H = X^ and j{a, b, c) = (b, a, c). 

Example 3. We define an involution Qn[0,l{B t^f* G Qn [0, 1[ by the following 
conditions: 0* = and ii t = p/q with positive mutually prime integers p,q, then 
t* = p/q, where p is uniquely defined by the equation pp = —1 (mod q). We also 
define a map Q ("1 [0, 1 [9 f hh. £ e Q n [0, 1] by the formulae 6 = 1 and f = {pp+ l)/q^ 
if i = p/q with positive, mutually prime integers p, q. Notice that in the latter case 
t = p/q with Z, 3 p = (pp + l)/q, and I < p < min(p,p). We also remark that 
= i. 

The rational strip X = Q x (Q n [0, 1[) can be given a groupoid structure as 
follows. Elements (x, s) and {y,t) are composable iff y E s + Z, i.e. the fractional 
part of y is s, with the product (x, s){s + m, t) = (x + rn, t), the inverse [s + k, t)~^ 

■ - k,s), and the set of units OhX = {{t,t)\ t e Q H [0, Denote Fx the 
underlying graph of X, i.e. the subset of non-identity morphisms. One can show 
that X is a A-groupoid with H = Tx and 

kix,t)^(^^,t*). 

Example 4. Let i? be a ring. We define a A-group AR as the subgroup of the 
group R* of invertible elements of R generated by the subset H = [1 — R*) Ci R* 
with k{x) = 1 — X. 

Example 5. For a ring R, let i? x i?* be the semidirect product of the additive 
group R with the multiplicative group R* with respect to the (left) action of R* 
on R by left multiplications. Set theoretically, one has R x R* = R x R*, the 
group structure being given explicitly by the product {x,y){u,v) = (x + yu,yv), 
the unit element (0, 1), and the inversion map {;x,y)^^ — {—y^^x,y^^). We define 
a A-group BR as the subgroup of ii x i?* generated by the subset H = R* x R* 
with k{x,y) = {y,x). 

^For compositions in groupoids wc use the convention adopted for fundamental groupoids of 
topological spaces, i.e. {x,y) G is composable iff cod(a;) = dom(j/), and the product is written 
xy rather than y o x. 

■^I am grateful to D. Bar-Natan for pointing out to this assumption during my talk at the 
workshop "Geometry and TQFT", Aarhus, 2007. 
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Example 6. Let (G, G±, 9) be a symmetrically factorized group of [3]. That means 
that G is a group with two isomorphic subgroups G± conjugated to each other 
by an involutive element 6* G G, and the restriction of the multiplication map 
m: G+ X G_ — > G+G_ C G is a set-theoretical bijection, whose inverse is called the 
factorization map G+G_ 9 (/ i— > {g+,g-) G G+ x G_. In this case, the subgroup 
of G+ generated by the subset H = G+ fl G-G+9 (1 6G+G- is a A-group with 
j{x) = {0x)+. 

The paper is organized as follows. In Section 2, we show that there is a canonical 
construction of a A-groupoid starting from a group and a malnormal subgroup. In 
Section 3, we show that two constructions in Examples 4 and 5 are functors which 
admit left adjoints functors. In Sections 4 and 5, we reveal a representation theoret- 
ical interpretation of the A'-ring of the previous section in terms of a restricted class 
of representations of group pairs into two-by-two upper- triangular matrices with el- 
ements in arbitrary rings. In Section 6, in analogy with group presentations, we 
show that A-groupoids can be presented starting from tetrahedral objects. In Sec- 
tion 7, we define an integral homology of A-groupoids. In the construction, actions 
of symmetric groups in chain groups are used in an essential way. Finally, Section 8 
is devoted to a general discussion of the results of this paper, their applications in 
knot theory, and some open questions. 

2. A-GROUPOIDS AND PAIRS OF GROUPS 

Recall that a subgroup H of a group G is called m,alnormal if the condition 
gHg~^ r\ H ^ {1} implies that g & H. In fact, for any pair of groups H C G one 
can associate in a canonical way another group pair H' c G' with malnormal H'. 
Namely, if A'' is the maximal normal subgroup of G contained in H, then we define 
G' = G/N and H' C G' is the malnormal closure of H/N. 

Lemma 1. Let a subgroup H of a group G be malnormal. Then, the right action 
of the group on the set (G \ H)'^ defined by the formula 

(G \ Hf xH^3 [g, h)^gh = {h^^gih2, h^^g2h^) G (G \ Hf, 
h = [hxMM) g= (51,52) G {G\Hf 

is free. 

Proof Let h e and 5 G (G \ ff)^ be such that gh = g. On the level of 
components, this corresponds to two equations h^^gih2 = gi and /ij^^g2/i3 = fl2, or 
equivalently g\h2gi^ = hi and 52^352^^ = hi. Together with the malnormality of 
H these equations imply that hi = h2 = hs = 1. □ 

We provide the set of orbits G = (G \ / with a groupoid structure as 
follows. Two orbits fH^, gH^ are composablc iff -ff/2-ff = HgiH with the product 

fH^gH^ - {fij2)HHgi,g2)H^ = {fi,hAm)H\ 

where /iq G if is the unique element such that f2H — h^giH. The units are 
^HgH = {g,g)H^ and the inverse of {gi,g2)H^ is {g2,gi)H^. Let r(G) be the 
underlying graph which, as a set, concides with the complement of units in G. 
Clearly, it is stable under the inversion. We define the map j : r(G) — » r(G) by the 
formula: 

{gi,g2)H^^{g^\g^'g2)H^. 
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Proposition 1. The groupoid Gg,h — G is a A-groupoid with the distinguished 
generating subset H = T{G) and involution j. 

Proof. We verify that the map j is well defined. For any h G and g G {G\ H)^ 
we have 

j{ghH^) = jiih^'gih2, hi'g2hs)H') 

= ih^'g^'hi,h2'g^'hih^'g2h3)H^ = {h2'gi'hi,h2'g^'g2h3)H^ 

= {g^\gT'92)ih2,huh:i)H^ = {g^\g^'g2)H^=j{gH^). 
Verification of the other properties is straightforward. □ 

Example 7. For the group G = PSL{2,Z), let the subgroup H be given by the 
upper triangular matrices. One can show that H is malnormal and the associated 
A-groupoid is isomorphic to the one of Example 3. 

3. A-GROUPOIDS AND RINGS 

In this section we show that the constructions in examples 4 and 5 come from 
functors admitting left adjoints. 

Proposition 2. The mappings A,B: Ring — > AGpd are functors which admit 

left adjoints A' and B' respectively. 

Proof. The case of A. Let fiR^Shea morphism of rings. Then, obviously, 
f{R*) C S*. Besides, for any a; e i? we have fik{x)) = /(I - x) = /(I) - f{x) = 
1 - f{x) = k{f{x)), which implies that /(fc(i?*)) = k{f{R*)) C fc(S'*). Thus, wc 
have a well defined morphism of A-groups Af = /|^. . If f : R S, g: S T are 
two morphisms of rings, then A{g o /) = 5 o = g\s' ° f\R' = Ag o Af. The 
proof of the fimctoriality of B is similar. 

We define covariant functors A' , B' : AGpd Ring as follows. Let G be a A- 
groupoid. The ring A'G is the quotient ring of the groupoid ring Z[G] (generated 
over Z by the elements {ux\ x £ G} with the defining relations u^Uy = Uxy if 
X, y are composable) with respect to the additional relations Ux + u/c(a;) = 1 for 
all X G H. The ring B'G is generated over Z by the elements {ux,Vx\ x G G} 
with the defining relations UxUy = Uxy,Vxy = UxVy + Vx if x,y are composable, 

for all x G H. li f € AGpd(G,M), we define A'f 
and B'f respectively by A'f: Ux i-> Uf(x), and B'f: Ux ^ Uf(x),Vx ^ ^^/(a;)- It is 
straightforward to verify the functoriality properties of these constructions. 

Let us now show that A',B' are respective left adjoints of A,B. In the case 
of A', A we identify bijections ^g,r'- Ring(A'G, i?) ~ AGpd(G, ^ii) which are 
natural in G and R. We define (fG.Rif)' x i— > f(ux), whose inverse is given by 
(pQ^^{g): Ux g{x). Let / G Ring(A'G, i?). To verify the naturality in the first 
argument, let h e AGpd(M,G). We have A'h e Ring(A'M, ^'G), f o A'h G 
Ring(A'M,i?), and <>3m,r(/ o A'/i) e AGpd(M,^i?) with 

^MM.f ° A'h) -.MBx^ f{A'h{ux)) = fiUhix)) = fGAf)i.Kx)). 

Thus, ipM,R{f°A'h) = ipG,R{f)°h. To verify the naturality in the second argument, 
let g e Ring(i?, S). Then, 

AGpd(G, AS) 9 ipG,s{9 of):x^ 9{f{ux)) = 9\r' {^cADi^))- 
Thus, ipG,s{9 o f) = Ago <fiG,R{f)- The proof in the case of B', B is similar. □ 
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There is a natural transformation a: A ^ B given by 

AGpd{AR, BR) 3 ur: x ^ {1 - x,x). 

The following example illustrates that these adjunctions can be interesting from 
the viewpoint of (co)homology theory. 

Example 8. 

AZ2 = 0, BZ2 = (Za, {{1}}), A'AZ2 = B'BZ2 = Z, 
AZ = 0, BZ= {Z2 * Z2, {{2}, {12}, {21, 121}}), 
A'AZ = Z, B'BZ = Z[Z2] =i Z[t]/{t^ - 1). 

Here, we encode the information about a A-group into the pair (G, -ff/Za), where 
H/Z2 is the set of /c-orbits in H, and we identify the group elements as sequences 
of positive integers by using the notation ijk . . . = Ijljlfe..., Ij = ti(l), with 
: Z2 — > Z2 * Z2 being the i-th canonical inclusion. 

4. A REPRESENTATION THEORETICAL INTERPRETATION OF THE A'-RING OF 

PAIRS OF GROUPS 

Let G be a group with a proper malnormal subgroup H (i.e. H ^ G), and Qg,h, 
the associated A-groupoid described in Section 2. The ring A'Og,h can be thought 
of as being generated over Z by the set of invertible elements {ux,y \ x,y G G\ H}, 
which satisfy the following relations: 

(2) Ux,y1ly^z — '^X,Z^ 

(3) Uxh,y — '^x,yh — Uhx,hy — '^x,yi G H, 

(4) Uy-i^^y-i + Ux,y = 1, a; / y. 

Notice that Ux^x = 1 for any x G G\H. 

Define another ring Rg,h generated over Z by the set {sg,Vg\ g G G} subject to 
the following defining relations 

(5) si = 1, SxSy = Sxy, yx,y e G, 
the element Vx is zero ii x G H and invertible otherwise, and 

(6) Vxy = Vy + VxSy, V.T, y e G. 

For any ring R, let i?* x i? be the semidirect product of the group of invertible 
elements R* and the additive group R with respect to the (right) action of R* on R 
by right multiplications. As a sot, the group R* t< R is the product set R* x R with 
the multiplication rule {x, y){x' , y') = {xx', yx' + y'). This construction is functorial 
in the sense that for any ring homomorphism f:R^S there corresponds a group 
homomorphism f : R* x R ^ S* x S. 

Definition 2. Given a pair of groups (G,H), where iJ is a malnormal subgroup 
of G, a ring R and a group homomorphism 

p: G 3 X ^ {a{x),f3{x)) e R* x R. 

We say that p is a special representation if it satisfies the following condition: for 
any x G G, the element p{x) is zero fov x G H and invertible otherwise. 
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In the case of the ring Rg,h we have the canonical special representation 

which is universal in the sense that for any ring R and any special representation 
p: G ^ R* X there exists a unique ring homomorphism / : Rg,h — > R such that 
P = f°o-G,H- 

Let us define a map q of the generating set of the ring A'Qg,h into the ring Rg,h 
by the formula 

q{Ux,y) = Vx-iV~\. 

Proposition 3. The map q extends to a unique ring homomorphism q: A'Qg,h 

Rg,h- 

Proof. The elements q{ux,y) are manifestly invertible and satisfy the identities 
<l{ux,z) = Q{ux,y)<l{uy^z)- The consistency of the map q with relations (3) is easily 
seen from the following properties of the elements Vx (which are special cases of 
equation (6)): 

Vhx = Vx, Vxh = VxSh, V/i e H. 
The identity q{Uy-ix,y-i) + q{ux,y) = 1 is equivalent to 

^x-iy = Vy - V^-iV-}^Vy 

which, in turn, is equivalent to the defining relation (6) after taking into account 
the formula 

Sy = —Vy_iVy. 

The latter formula follows from the particular case of the relation (6) corresponding 
toa; = y~^. □ 

Let us fix an clement g (1 G\H and define a map fg of the generating set of the 
ring Rg,h into the ring A'Qg.h by the following formulae 



(7) fg{Sx) = 

and 

(8) fg{Vx) = 



g,xg — "•x-'^g,gi 



a X G H; 



—Ug^xUx-^,g, otherwise, 



0, if a; e H; 
Wx-i,g7 otherwise. 



Proposition 4. For any g € G \ H the map fg extends to a unique ring homo- 
morphism fgi Rg,h —>■ A'QcH- 

Proof 1. Clearly, fg{l) = fg{si) = Ug^g = 1 and fg{s-^) = fg{s^-i) = /g(sx)"^ if 
X ^ H. For X € H we have 

fgi^x ) ~ fg{Sx-^) — '^xg,g — '^g,xg ~ fgi^x) 

2. We check the identity fg{sxSy) = fg{sxy) = fg{sx)fg{sy) in five different 
cases: 

{x,yGH): 

fg{Sxy) = V,g^xyg = U^-'^g^yg = Ux-^g,gUg,yg = fg{Sx)fg{Sy)', 

{xGH,y^Hy. 
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fg{Sxy) — Ug,xy'^y-^x~^ ,g ~ ~^g,x'Ux-^ ,yg — ^^g,x'Ux^^ ,g'^g,yg — fgi^x)fg{Sy)] 

{x^H,y^H,xyG H): 

fg{Sxy) = fg{^xy)fg{Sy )fg{Sy) = fgi^xySy )fg{Sy) = fg{Sx)fg{Sy); 

{x^H,y^H,xy^ H): 

fg{Sxy) = —Ug^xy1J'y-ix-'^,g — ~'^S,x^*x3/,x'"y~^a;-^,j/-i'"j/-i,g 

~ '^g,x'^x~^ ,y'^y~^ ,g ~ ^g,x^^x^^ g'^g^y'^y-^ ,g ~ fgi^x^fgi^y^- 

3. We check the identity fg{vxy) = fg{vy) + fg{vx)fgisy) in five different cases: 
{x,y £ H): it is true trivially; 
ixeH,y^Hy. 

fgi^Xy) = Uy-l^-l^g = Uy-l^g = fg{Vy)\ 

{x^H,ye H): 

fgi^xy) = Uy-i^-i^g = U^-i^yg = U^-i^gUg^yg = fg{Vx)fg{Sy); 

{x^H,y^H,xyG H): 

fg{Vy) + fg{Vx)fg{Sy) = Uy-l^g - U^-l ^gUg^yUy-l ^g 

ix^H,y^H,xy^ H): 

= (1 - U^-l^y)Uy-l^g = (l " U ^- 1 ^gU g ^y)Uy- 1 ^g = fg{Vy) + f g^V x) f g{s y) . 

□ 

Associated with any invertible element t of the ring Rg,h there is an endomor- 
phism n : Rg,h Rg,h defined on the generating elements by the formulae 

rt{sx) = tSxt~'^, rt{vx) = Vxt~'^. 

Note that, in general, rt can have a non-trivial kernel, for example, if g € G \ H, 

then 1 — Vg IE kcr(r,,_^). 

Proposition 5. For any g G G\H the following identities of ring homomorphisms 

(9) fg°Q = idA'Pcif . <l°fg = "^v^.^ 

hold true. 

Proof. Applying the left hand sides of the identities to be proved to the generating 
elements of the corresponding rings, we have 

fg{'l{Ux,y)) = fg{v^-lV~\) = Ux,gUylg = Ux,y, Vx, t/ H, 

lifgi^x)) = q{Ux--^g,g) = Vg-ia:V~}r = Vg-iSxV~}^, X G H, 
lifgi^x)) = q{-Ug,xUx-\g) = -Vg--^V~liVxV~li = Vg-iSxV~}i , Vx ^ H, 

and 

lifgM) = q{Ux-\g) = VxV~\, \/x ^ H. 

□ 
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Corollary 1. The ring homomorphism q: A'Qg,h Rg.h is injective. 

Corollary 2. For any g G G\H, the kernel of the ring homomorphism fgi Rg,h —>■ 
A'Qg,h is generated by the element 1 — Vg-i . 

Proof. Let t = Vg-i. Equations (9), imply that ker(/g) = ker(rt) and n o n = rt- 
The latter equation means that any x G ker(rt) has the form y — rt{y) for some y. 
The identity 

xy - nixy) = {x- rt{x))y + rt{x){y - niy)), 
implies that that ker(r() is generated by elements x — rt{x), with x running in a 
generating set for the ring Rg,h- Finally, the identities 

Sx - n{sx) = Sx- tsxt'^ = (1 - i)sx - tsxt^^{l - 1), Vx - rt{vx) = -Vxt^^{l - 1), 
imply that ker(rt) is generated be only one element 1 — t = 1 — Vg-i . □ 

Corollary 3. For any g € G \ H , the rings A'Qg^h and Rg,h/{^ — Vg) are iso- 
morphic. 

Example 9. Consider the group pair {G,H), where 

G = {a, b\ = 6^ = 1) ~ Z2 * Z2, 

and = (a) ~ Z2, a malnormal subgroup of G. Any element of the group G has 
the form {aby^a" for imique m G Z, n S {0, 1}. One can show that 

Rg,H -Qi^^X^^]^ '''(ab)"«a" ^ S(a6)™a" (-1)", 

while g'(w(ab)™a",(ah)'=aO ^ m/k, m,k ^ 0. Thus, A'Qg,h ^ Q- 

5. Weakly special representations of group pairs 

In the case of arbitrary group pairs we shall use a weakened version of special 
representations. 

5.1. The group pairs {Gp,Hp). To each group pair homomorphism of the form 

(10) p:{G,H)^{R*KR,R*), G B g ^ {a{g), p{g)) G R* ^ R, 
where Ris a. ring, we associate a group pair {Gp, Hp), where 

Gp = G/ker(p), Hp = /3-\0)/kev{p) C Gp. 

The set /3 o a~^(l) C R is an additive subgroup, and the set a{G) C i?* is a 
multiplicative subgroup. These groups fit into the following short exact sequence 
of group homomorphisms 

(11) 0^ (3oa-\l)^Gp^a{G)^l, 

which sheds some light on the structure of Gp. In particular, there exists another 
short exact sequence of group homomorphisms 

l^N ^Gk Poa-\l) ^Gp^l, 

where the semidirect product is taken with respect to the right group action by 
group automorphisms 

/3oa~^(l) X G 9 {x,g) xa{g) e /?oa~^(l), 

and (the image thereof) trivially intersects /3 o a~^{l). We also have a group 
isomorphism 

i?p~ao/3-i(0) Ca{G). 
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For a given group pair (G, H) the set of homomorphisms (10) is partially ordered 
with respect to the relation: 

(12) p<a ^ 3 exact (1, 1) ^ {N, M) {Gp, Hp) {G^, H^) ^ (1, 1). 

5.2. The universal ring Rg,h- Let {G,H) be a group pair. The ring Rg,h 
is generated over Z by the set {sg,Vg\ g £ G} subject to the following defining 
relations: 

(1) the elements Sx are invertible; 

(2) the map <tg,h ■ G B x {Sx,Vx) & Rq h x Rg,h is a group homomorphism; 

(3) for any x & H , Vx = 

Notice that, according to this definition, a non-zero generating element is not as- 
sumed to be invertible. This ring has the following universal property: for any group 
pair homomorphism (10) there exists a unique ring homomorphism fp : Rg,h R 
such that p = fpo aGM- The partial order (12) can alternatively be characterized 
by an equivalent condition: 

(13) p<a ker(/p) C ker(/^). 

5.3. Weakly special representations. 

Definition 3. Given a pair of groups {G,H), where if is a proper (i.e. H ^ G) 
but not necessarily malnormal subgroup of G, a nontrivial (i.e. 0^1) ring R, and 
a group pair homomorphism (10). Wo say that p is a weakly special representation 
if it satisfies the following conditions: (1) /?(G) C R* U {0}; (2) (3{G) ^ {0}. 

Any special representation (if H ^ G) \s also weakly special. For any weakly 
special representation p, the group Hp is a malnormal subgroup in Gp, and the 
induced representation of the pair {Gp, Hp) is special in the sense of Definition 2. 

To a group pair (G, H) we associate a set valued invariant W{G, H) consisting of 
minimal (with respect to the partial ordering (12)) weakly special representations 
(considered up to equivalence). Notice that if p e W{G, H), then the ring A'Qgp^h,, 
is non-trivial (i.e. 0^1). Taking into account characterization (13), there is a 
bijection between the set W{G,H) and the set of ring homomorphisms fp with 
minimal kernel. 

The following proposition will be useful for calculations. 

Proposition 6. Given a group pair (G, H) with H ^ G, a non-trivial ring R, and 

a weakly special representation 

p: {G,H) {R* K i?,i?*), G3 g^ {a{g),P{g)) e R* ix R. 
Assume that the subring fp{RG,H) C R is generated over Z by the set a{G). 

(i) : If j3oa~^{l) ^ {0} then fp{RG,H) is a skew-field. 

(ii) : If! G /3oa-i(l), then Gp ~ a{G) x /?oa-i(l). 

Proof, (i) We remark that a~^{l) is a normal subgroup of G having the following 
properties: 

(14) f3{g-Hg) = (3{t)'^i9), Vff e G, Vt G ^-^(l). 

(15) p{tit2) = /3{ti) + P{t2), Vti,t2 ea-^(l). 
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Let to £ a ^(1) be such that xq = P{to) is invertible. As any element x S Jp{Rg,h) 
can be written in the form 

n 

X = '^mia{gi), mieZ,gieG, 

i=l 

we have 

n n n 

xqx = ^miXoa{gi) =^mi(3{to)a{gi) =^ f3{t^')a{gi) 

i=l i=l i=l 

n n n 

= J2^(9-X'9i) = l3(\l9^X'9i) = Pit.), ix = l[9^X'9i- 

i—1 i—1 i=l 

Thus, if a; = XQ^P{tx) 7^ 0, then it is invertible. 

(ii) Let to e a~^{l) be such that /3(to) = 1. We show that the exact se- 
quence (11) splits. 

Let ^: a{G) G he a. set-theoretical section to a (i.e. ao^ = id„(G)). For any 
X e C({G) fix a (finite) decomposition 

/3(eW) = E™^(^H/'(^))' 

i 

where mi{x) G Z, fi{x) € G. We define 

a: aiG) ^ G^, x^ TTp (^a^) H .A(^)"'io""*^"Vi(a;) j , 

where tt^ : G — > Gp is the canonical projection. Then, it is straightforward to see 
that (7 is a group homomorphism such that aoa = ida^o)- ^ 

Below, we give two examples, coming from knot theory, which indicate the fact 
that the set W{G, H) can be an interesting and relatively tractable invariant. 

Example 10 (the trefoil knot 3i). Consider the pair of groups {G,H), where 

G = (a, b\ = b^) 

is the fundamental group of the complement of the trefoil knot, and H = {ab~^, a^), 
the peripheral subgroup generated by the meridian m = ab~^ and the longitude 
I = {ab~^)~^ . As the element is central, the subgroup H is not malnormal in 
G. If we take the quotient group with respect to the center 

G/(a2) ~ Z2 * Z3 ~ PSL{2,Z), 

then the image of the subgroup H/ {a?) ~ Z is malnormal, and it is identified with 
the subgroup of upper triangular matrices in P5'L(2,Z). Thus, one can construct 
the A-groupoid Qq ^ (which is isomorphic to the one of Example 3), but the cor- 
responding j4'-ring happens to be trivial (i.e. = 1). This is a consequence of the 
result to be proved below: the set W{G,H) consists of a single element po such 
that, the j4'-ring of the pair {Gpg,Hpg) is isomorphic to the field Q[t]/{A3^{t)), 
where (i) = — t + 1 is the Alexander polynomial of the trefoil knot. 

The ring Rg,h admits the following finite presentation: it is generated over Z by 
four elements Sa, Sb, Va, Vb, of which Sa, Sb are invertible, subject to four relations 

sl = Sb, Va = Vb, Va{l + Sa)=Vb{l + Sb + Sb) = 0. 
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Wc consider a ring homomorphism 

Proposition 7. (i) For any weakly special representation p' there exists an equiv- 
alent representation p such that the ring homomorphism fp factorizes through (p, 
i.e. there exists a unique ring homomorphism hp-. Z[t]/(A3j(t)) — > R such that 
fp = hpO (j). 

(a) The kernel of the group homomorphism (p o aG,H is generated by and 
{ab~^)^ with the quotient group pair {G,H), 

G = (a, h\ =b^ = {ab'^f = 1), H= {ab'^), 

where H is malnormal in G. 

(Hi) The ring A'Q^ ^ is isomorphic to the field Q[i]/(A3j(i)). 

Proof, (i) Let i? be a non-trivial ring and 

p:G3g^{a{g),P{g))&R* ^R, 
a weakly special representation. We have 

/3(a) = I3{ab-H) = I3{ab-^)a{b) + p{b) = /3(6), 

and 

= f3ia^) = I3{a){aia) + 1), = l3{b^) = P{b){a{hf + a{h) + 1). 
The element ^ = /3(a) = (}{b) is invertible, since otherwise ^ = and /3~^(0) = G. 
Thus, a{a) = —1 and a{b) is an element satisfying the equation A3^{—a{b)~^) = 0. 
Replacing p by an equivalent representation, we can assume that ^ = 1. 

The ring homomorphism fp is defined by the images of the generating elements 

Sa -1, Sb ^ a{b), Va 1, Vb ^ f , 

and it is easy to see that we have a factorization fp = hpO 0, with a unique ring 
homomorphism 

hp:Z[t]/{AsAt))^R, t^-a{b)-\ 

(ii) It is easily verified that a^, {ab~^)^ G kei{(j) o (Jg,h)- We remark an isomor- 
phism 

G ~ {S,ti,t2\ = 1, tit2 = t2tl, Sti = t2S, tiSt2 = t2S) ~ Ze x 

given, for example, by the formulae: 

s I— > ab~^, ti I— > babab, t2 i— > bab~^a, 
and the induced from cj) o a^H group homomorphism takes the form 

S^(t,0), tl^(l,l), t2^{l,t-'), 

so that a generic element f™t2^'^, m,n e Z, k £ Zq, has the image {t'^, {m+nt~^)t''). 
The latter is the identity element (1, 0) if and only if fc = (mod 6) and m = n = 0. 

(iii) The pair (G, H) and any weakly special representation p satisfy the condi- 
tions of proposition 6, and thus the ring A'QGp,Hp is the localization of a homomor- 
phic image of the ring Z[t]/(A3j (t)) at all non-zero elements. The ring Z[i]/ (Aa^ (t)) 
itself is a commutative integral domain, and thus its minimal quotient ring corre- 
sponds to the zero ideal. In this way, we come to the field Q[t]/{As^{t)) which is 
the j4'-ring associated to the only minimal weakly special representation po with 
{Gp,,Hp,) = {G,H). □ 



12 



R. M. KASHAEV 



Corollary 4. The set W{G, H) is a singleton consisting of a minimal weakly special 
representation po such that H n ker(po) = {m^, I)- 

Remark 4. The group pair (G, H) is the quotient of the pair (G, H) with respect 
to the normal subgroup of G generated by the center of G and the longitude I = 

Example 11 (the figure-eight knot 4i). The fundamental group of the complement 
admits the following presentation 

G = (ai,a2| aiWa = Waa^), Wa = 03 ^ala2a^^ 

the peripheral subgroup being given by 

H = {m = ai,l = WaWa) — "Z?, Wa = af^a2aia2 ^• 

One can show that _ff is a malnormal subgroup of G (this is true for any hyperbolic 
knot), and that the corresponding A'-ring is trivial. The latter fact will follow 
from our description of the set W{G, H): it consists of two minimal weakly special 
representations p, , i E {1,2}. such that 

Hnker{p,) = {mP',lm'^^), (pi, gi) = (0, 0), (p2, 92) = (6, 3). 

The ring Rg,h admits the following finite presentation: it is generated by four 
elements {Sai,Vai \ i & {1,2}}, with Sa^ being invertible, subject to four relations: 

where 

We also define a ring S generated over Z by three elements {p,r,x}, and the fol- 
lowing defining relations: 

(16) = x—p, 

(17) px = x + 3p + r^ -1, 

(18) pr = r, 

(19) rx + xr = r — r"^, 

(20) p2 = l-4p-2r2. 

We remark that this ring is noncommutative and finite dimensional over Z with 
dimz5 = 6. Indeed, it is straightforward to see that for a Z-linear basis one can 
choose, for example, the set {l,p,r,x,rx,r'^}, the set {l,p, r^} being a Z-basis of 
the center. 

Lemma 2. In the ring S , let (a) be the two sided ideal generated by the element 

a ^ 2 + 2p + r + 2x + Sr"^ + rx. 

Then, {2,r, 1 -p} C (a). 

Proof. First, one can verify that 2 + r = ba, where 

b=l — x — r^ — 2rx, 
so that 2 + r G (a). Next, one has r = ca+ {2 + r)x, where 

c = —2+p + 3r + 4:X — rx, 
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SO that r e (a), and thus 2 e (a). Finally, remarking that 

1 — p = 2x + r^x, 

we conclude that 1 — p € (a). □ 
Lemma 3. Let p, q, x be three elements of a ring R satisfying the three identities 

(21) p = x-x^, 

(22) q = px-3p-x + l, 

(23) pq = q. 

Then, the element p is invertible if and only if 

(24) 2g + / + 4p-l = 0. 

Proof. First, multiplying by q identity (22) and simplifying the right hand side by 
the use of equation (23), we see that 

(25) q^ = -2q. 

Next, excluding x from identities (21) and (22), we obtain the identity 

q'^ + {5p - l)q + p{p'^ + 4p-l) = 
which, due to equations (23) and (25), simplifies to 

(26) 2q + p{p'^ + 4p-l) = 0. 

Now, if p is invertible, then equations (26), (23) imply equation (24). Conversely, 
if (24) is true, then combining it with (26), we obtain the polynomial identity 

(p-l)(p2+4p-l) =0 

which implies invcrtibility of p with the inverse = 5 — Bp — p^. □ 

Proposition 8. (i) There exists a unique ring homomorphism (j): Rg,h — > S such 
that 

Sa^^X, Sa2^X + r, i;^^ 0, Was 1- 

(a) For any weakly special representation p, considered up to equivalence, the 
ring homomorphism fp factorizes through (j), i.e. there exists a unique ring homo- 
morphism hp: S ^ R such that fp = hpO 0. 

(Hi) The set W{G, H) consists of two elements. 

Proof, (i) This is a straightforward verification, 
(ii) Let i? be a non-trivial ring and 

p:G5g^{aig),p{g))GR*KR, 

a weakly special representation of G. Then, the element ^ = /3(a2) is invertible, 
since otherwise /3^^(0) = G. By replacing p with an equivalent representation, we 
can assume that ^ = 1. 
Denote 

Xi = a{ai), = a{wa), = a{wa). 

Note that 

= /3(a2a^i) = /3(a^i) + x^^ O P{a^^) = -x^\ 
Prom the definitions of Wa and iUa we have 

(27) P{wa) = P{a2^aia2a^^) = (3{aia2a^^) + p{a2^)xiX2X^^ = x^'^ - w^, 
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(28) (iiwa) = I3{ai^ a2aia2^) = —X2^ + xiX2^ — —(1 — xi)x2^ ■ 
From the relation aiWa = Waa2 we obtain an identity 

l3{Wa) = l3{aiWa) = l3{Waa2) = f3{Wa)x2 + 1 

which implies that P{wa) ^ 0, and thus 0{wa) is invertible with 

/3K)-i = l-ar2. 
Invertibility of P{Wa) follows from the equation 

Compatibility of the latter equations with the formulae (27), (28) implies the fol- 
lowing anticommutation relations 

(29) xr^xj + xjx-' = x-^ + Xj - 1, = {1, 2}. 
Indeed, 

XiX2^ = (1 - X2)(3{Wa)xiX2^ = (1 " X2){x^^ - Wx)XiX2^ 

= (1 — X2){x^^ — a;^"'^a;ia;2a;]^"'^)a;ia:;^"'^ = (1 — a;2)(a;^^ — x^^xi) 

= {X2^ — 1)(1 — Xi) = Xi + X2^ — 1 — X2^Xi, 

and 

Xi^X2 = xj""^a;2a:ia;^"^a;2a:J~^ = WxX2Xi^ = —P{wa)~^ (3{'Wa)x2Xi^ 

= (1 — a;2)(l — Xi)x2^X2Xi^ = (1 ^ X2){x]^^ - 1) = 2:2 + X^^ - 1 — X2Xi^. 

By using relations (29), one obtains the following formula: 

'^x^ = i^2^ - 1)(1 -Xl- X2)X^^. 

Indeed, 

= xiX2^Xi^X2 = (xi + X2^ — 1 — a;^"^a;i)a:7"^a;2 = (a;^^ — 1)(1 — xi)xi^X2 
= {x2^ -l){x^^ X2-X2) = (a;^^-l)(a;J"^-l-a;2a;j;^) = (a;^-^-l)(l-Xi-a;2)a;]"^ 
This formula implies the following equivalences: 

X2W~^=w~^xi -s^- 0:2(1 —xi —0:2) = (1 — xi —a;2)a;i <^ 3:2(1 — 0:2) = (1 —a;i)a;i. 
The latter identity can be equivalently rewritten in the form 

(30) X1X21 + X21X1 = X21 - 2:21, 
where 

X2I =X2-Xi, 

and the same identity implies that there exists an invertible element z such that 

2:^(1 — Xi) — z, i G {1, 2}. 

Evidently, z commutes with both Xi and 2:2. We have the following formulae for 
the inverses of Xf. 

xr' = {l-Xi}z-\ 

substitute them into equations (29), and rewrite the result as the following two 
equations 

(31) 2:12:21 + 2:212:1 = 2:21 + 32; + 2:1 — 2:2:1 — 1, 
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and 

(32) (z - l)x2i = 0. 
Compatibility of equations (30) and (31) gives one more identity 

(33) zxi + 1 = 3z + xi + X2i- 

Finally, applying lemma 3 to elements p, x^i, Xi, we obtain one more identity 

2a;ii+p2+4p-l = 0. 
Now, we can easily see that the mapping 

hp{p) = z, hp{r) = X2i, hp{x) = xi, 

in a unique way extends to a ring homomorphism hp-. S R, and one has the 
factorization formula fp — hp o (p. 

(iii) We remark that our pair (G, H) and any weakly special representation p 
verify the conditions of proposition 6. For example. let us check that there exists 
an element G a^^(l) such that /3(to) is invertible. In the case if a;2i = 0, we can 
choose to = aj~^a2 for which (3{to) = 1, while for X21 ^ we can choose to = WaW~^ 
for which 

/3(to) = 2 + 2z + X21 + 2xi + 3xli + X21X1. 
Due to lemma 2, the latter element is non-zero and therefore invertible. Thus, tak- 
ing into account the parts (i) and (ii), to identify the elements of the set W{G, H), 
it is enough to find all minimal quotients of the ring S which can be embedded 
into rings the way that all non-zero elements become invertible. In particular, the 
quotient rings must be integral domains. 

We have two relations in 5* which indicate existence of zero-divisors: 

r(l-p)=0, r{2 + r^)^0. 

We have the following mutually excluding possibilities for minimal quotients which 
remove these relations: 

(1) r = 0; 

(2) p= 1, r2 = -27^0. 

The case (1) gives the quotient ring 

S/{r) ~ Z[t]/(A4i (*)), A41 (t) = t'^ -3t+l, x^t, p>-^l- 2t. 

This is a commutative integral domain, and its localization at the set of non-zero 

elements coincides with the field of fractions <Q[t]/{A4^{t)). 
The case (2) gives the quotient ring 

S/{1 -p,2 + r^)~ Z(r, x)/{l -x + x^,rx + xr-2-r), 

which is isomorphic to the ring of Hurwitz integral quaternions 

H = {a + bi + cj + dk\ (a, b, c, d) e U (2"^ -|- Zf} , 

where 

1 + = l+f = ij + ji = 0, k = ij, 
the isomorphism being given by the map 

r>-^i + j, X 1-^ 2~^{1 — i — j + k), 

and the inverse map 

i rx — 1, j ^ xr — 1. 
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Thus, S/{1 — p,2 + r^) admits an embedding into a (non-commutative) division 
ring of rational quaternions. □ 

Let Pi, i G {1,2} represent the two elements of W{G,H). Corresponding to pi 
the group pair {Gi,Hi) admits a presentation 

Gi = {s,to,ti\ toh =tita, sti =tos, tisto=tls) ~ Z k Z^, = (s) ~ Z 

with the projection homomorphism 

TTi : (G, H) {Gi,Hi), ai ^ s, a2 ^ sto, 

whose kernel ker(7ri) can be shown to be generated by the longitude I = WaWa- In 
other words, we have a group isomorphism 

Gi ~ {ai,a2\ aiWa = Waa2, WaWa = 1), Wa = 03 ^aia2aj"^, Wa = a^^a^aia^^. 

To describe the group pair (G2,-ff2), corresponding to p2, consider the following 
representation of G in 5-^(4, Z): 



ai 



f 1 0\ /OOIO^ 

-1 1 1 1 -1 

1 ' ^ -1 1 



\0 0-11/ 



V-1 1 1 oj 



whose kernel is generated, for example, by the element a^^a2a\a2, and the corre- 
sponding right action of G on Z^ (given by the multiplication of integer row vectors 
by above matrices). Then, the group G2 is the quotient group of the semidirect 
product G K Z^ by the relation oi(l, 0, 0, 0) = 020^02, where we identify G and Z^ 
as subgroups of G k Z^, while the subgroup H2 = (ai) ^ Zg. 

6. Presentations of A-groupoids 

6.1. The tetrahedral category. For any non-negative integer n > we identify 
the symmetric group §„ as the sub-group of all permutations (bijcctions) of the 
set of non-negative integers Z>o acting identically on the subset Z>„ C Z>o. This 
interpretation fixes a canonical inclusion C S„ for any pair m < n. The standard 
generating set {si = (i — 1, i)| 1 < i < n} of §„ is given by elementary transpositions 
of two consecutive integers. Later on, it will be convenient to use the inductive limit 

Soo = limS„ = U„>oS„. 

We also denote by S„Set the category of S„-sets, i.e. sets with a left §„-action and 
§„-equivariant maps as morphisms. 

We remark that in any A-groupoid G, its distinguished generating set H is an 
§3-set given by the identifications Si = j and S2 = i, while the set V C of 
il-composable pairs is an S4-set given by the rules 

(34) si{x,y) = {j{x),j{k{x)j{y))), S2{x,y) = {i{x),xy), ss{x,y) = {xy,i{y)), 
and the projection map to the first component 

pr^ : V ^ {x,y) X & H 

being §3-equivariant. 

Let S4Set — > SsSet be the restriction (to the subgroup) functor. Con- 
sider the comma category^ (i?43 J, SsSet) of §3-equivariant maps a: i?43(Ki) la, 



^see [4] for a general definition of a comma category. 
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for some §4-set Va, and §3-set la- Call it the tetrahedral category. An object of 
this category will be called tetrahedral object. A morphism between two tetra- 
hedral objects f: a b, called tetrahedral morphism, is a pair {pf,qf) where 
Pf S S4Set(V^, Vf,) and g/ G §3Set(/a, /(,) are such that bR43{pf) = qja. Tak- 
ing into account the remarks above, to each A-groupoid G we can associate a 
tetrahedral object C(G) = pr^ : i?43(V) H. If /: G — > G' is a morphism of 
A-groupoids, then the pair 

Cif) = {fxf\v,f\H) 

is a tetrahedral morphism such that C{fg) = C{f)C{g). Thus, we obtain a functor 
C: AGpd^ (i?43 iSaSet). 

A A-groupoid G is called finite if its distinguished set H is finite (note that G 
itself can be an infinite groupoid). Let AGpdfi„ be the full subcategory of finite 

A-groupoids, and (i?43 J, S3Set)fin the full subcategory oi finite tetrahedral objects 
(i.e. a's with finite Va and /„). Then, the functor C restricts to a functor 

Gfi„: AGpdf,„ ^ (ii'43 i S3Set)fin. 
Proposition 9. The functor C'tin admits a left adjoint 

CL- (^43 I S3Set)fi„ ^ AGpdfi„ 
which verifies the identities 

GfinGfinGfin = Gfin, GfinGgnGfin = Gfin- 

Proof. Let a be an arbitrary finite tetrahedral object. Consider a map 

Ta-.Va^ll Ta{v) = {a{v),a{{321){v))), G Va 

Let TZ be the minimal S4-equivariant equivalence relation on Va generated by the 
set 

U ^a\^r 

and 7?.", the o-image of Tt which is necessarily an §3-cquivariant equivalence relation 
on la- Let Pa- Va Va/TZ and Qa- la la/TZ"' be the canonical equivariant 
projections on the quotient sets. Then, there exists a unique tetrahedral object ai 
such that the pair {pa-,<la) is a tetrahedral morphism from o to ai. Iterating this 
procedure, we obtain a sequence of tetrahedral morphisms 

a ^ ai ^ 02 — > • • • 

which, due to finiteness of a, stabilizes in a finite number of steps to a tetrahedral 
object a. It is characterized by the property that the map ra is an injection, so 
that we can identify the set Vg with its rg-image in 7|. 

For any {x,y) € Va denote a{sz{x,y)) = xy and call it product- Then, the 
action of the group §4 on Va is given by the formulae (34), where i{x) = S2{x), 
j{x) = S\{x), k{x) = (02)(a;), and the consistency conditions imply the following 
properties of the product: 

(35) i{xy) = i{y)i{x), k{xy) = k{k{x)j{y))k{y), i{x){xy) = {yx)i{x) = y. 

However, this product is not necessarily associative, and to repair that, we consider 

the minimal §3 -equivariant equivalence relation S on Ja generated by the relations 
x{yz) ~ {xy)z, where all products are supposed to make sense. Let na'- la ^ la/S 
be the canonical Ss-equivariant projection on the quotient set. Then, clearly, a! = 
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TTa o a is another (finite) tetrahedral object with Va' = Va and la' = h/S, and 
with canonically associated tetrahedral morphism (ids, TTa): a — > a'. Applying the 
"tilde" operation to a', we obtain a composed morphism 

{Pa',qa') o (ida. TTa) o Qa): a = d' 

Again, the iterated sequence of such morphisms 

a — > a ^ a — > • • • 

stabilizes in finite number of steps to an object a with Va C /| and the associative 
product xy = a{ss{x,y)) satisfying the relations (35). 

Now, let T be the minimal equivalence relation on generated by the set 
{i X id/^)(Va)- Denote by 

dom:/a^7Va = /a/r 
the canonical projection to the quotient set. Define another map 

cod = dom oi: la ^ Na- 

In this way, we obtain a graph (quiver) Ta with the set of arrows la, the set of 

nodes A^a, and the domain (source) and the codomain (target) functions dom(a;), 
cod(a;). Thus, we obtain a finite A-groupoid with the presentation 

Cfin(a) = {Fa\ X oy = xy \i {x, y) € Va) 
whose distinguished generating set is given by /a- D 
6.2. A-complexes. Let 

A" = {(to,<i,...,in) e [0,l]"+i| to+h + --- + tn = l}, n>0 
be the standard n-simplex with face inclusion maps 

(5„:A"^A"+\ 0<m<n 

defined by 

(^0 : • • ■ : ) (^0 7 ■ • • 7 — 1 7 7 7 • ■ • 7 ) 

A (simplicial) cell in a topological space X is a continuous map 

/: A" ^ X 

such that the restriction of / to the interior of A" is an embedding. On the set of 
cells T,{X) we have the dimension function 

d:S(X)^Z, (/:A"^X)h^n. 

A. Hatcher in [1] introduces A-complcxcs as a generalization of simplicial complexes. 
A A-complex structure on a topological space X can be defined as a pair {A{X), d), 
where A(X) c S(A) and 9 is a set of maps 

d = ^d„: 'i|^(jf)(Z>max(i,n)) ^ '^l A(j(:) (^>"-i ) > 0} 

such that: 

(i) each point of X is in the image of exactly one restriction, a\<,n for a G 
A(A); 

(ii) ao6m = dma; 

(iii) a set A c X is open iff a^^{A) is open for each a € A(A). 
Clearly, any A-complex is a CW-complex. 
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6.3. Tetrahedral objects from A-complexes. We associate a tetrahedral object 
ax to a A-complex X as follows: 

Va^ = S4 X A^X), la^ = S3 X A^{X), 

which are §„-sets with the groups acting by left multiplications on the first com- 
ponents, and 

axm), x) = {g^,d^x), i e {0, 1, 2, 3}, .go = (012), 51 = (12), ,92 = ,93 = 1, 

where (33) = 1, and the value ax{g,x) for g ^ (i3) is uniquely deduced from its 
Ss-equivariance property. 

6.4. Ideal triangulations of knot complements. A particular class of throe 
dimensional A-complexes arises as ideal triangulations of knot complements. A 
simple caculation shows that in any ideal triangulation there are equal number 
of edges and tctrahcdra and twice as many faces. For example, the two simplest 
non-trivial knots (the trefoil and the figure-eight) admit ideal triangulations with 
only two tetrahedra {u, v}, four faces {a, b, c, d} and two edges {p, q}, the difference 
being in the gluing rules. Using the notation {x\doX, dix, . . . , dnx) these examples 
read as follows. 

Example 12 (The trefoil knot). The gluing rules are given by the list 

{u\a,h,c,d), {v\d,c,h,a), {a\p,p,p), {b\p,q,p), {c\p,q,p), {d\p,p,p). 

The associated A-groupoid G is freely generated by the quiver (oriented graph) 
consisting of two vertices A and B and two arrows x and y with 

dom(a;) = cod(a;) = dom(?/) = A, cod{y) = B, 

with the distinguished subset 

H = {x^'^,x^'^,y^'^,{xy)^'^}, j:x>-^x~'^, ^ y, x'"^ ^ xy. 

One can show that 

A'G ~ B'G ~ Z[t, 3-i]/(A3, (t)), As, {t) = t^-t + 1. 

Example 13 (The figure-eight knot). The gluing rules are given by the list 

{u\a,b,c,d), {v\c,d,a,b), {a\p,q,q), {b\p,p,q), {c\q,p,p), {d\q,q,p). 

In this case, there are no non-trivial identifications in the corresponding A-groupoid 
G, and the ring A'G is isomorphic to certain localization of the ring S from Exam- 
ple 11, while 

S'G~Z(u±St;±\w±i| u{u+l)=w, v{v + 1) = w''^). 

Notice that in the Abelian case the defining relations of the ring B'G can be iden- 
tified with the hyperbolicity equations for the figure-eight knot. 
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7. Homology of A-groupoids 

Given a A-groupoid G with the distinguished generating subset H . We define 
recursively the following sequence of sets: V-i — {*} (a singleton or one clement 
set), Vq = ■7To{G) (the set of connected components of G), Vi = Ob(G) (the set of 
objects or identities of G), 1^ = i?, V3 is the set of all iJ-composable pairs, while 
Vn+i for n > 2 is the collection of all n-tuples {xi,X2, ■ ■ ■ ,Xn) S H", satisfying the 
following conditions: 

{xi, Xi+i) e Vs, 1 < i < n - I, 

and 

di{xi,...,Xn) &V„, l<i<n + l, 

where 

{{X2,...,Xn), i=l; 
{Xi, . . . ,Xi-2,Xi-iXi,Xi+2, ■ ■ ■,Xn), 2 < 1 < n\ 
(a;i, . . . ,a;„_i), i = n+l. 

Remark 5. If N{G) is the nerve of G, then the system {Ki}„>i can be defined 
as the maximal system of subsets y„+i C N{G)n n ff", n = 0, 1, . . ., (with the 
identification = Oh{H)) closed under the face maps of the simplicial set N{G). 

For any iJ-composable pair (a;, y) we introduce a binary operation 

(37) x*y= j{k{x)j{y)) = jk{x)j{xy) = ij{x)j{xy). 

Proposition 10. For any integer n>2, if {xi, . . . , a;„) e Vn+i, then the {n — 1)- 
tuple 

(38) do{xi,...,Xn) = {yi,-.-,yn-l), yi = Zi*Xi+i, Zi = XiX2---Xi, 

is an elem,ent of Vn ■ 

Proof. We proceed by induction on n. For n = 2 the statement is evidently true. 
Choose an integer A; > 3 and assume the statement is true for n = fc — 1. Let us 
prove that it is also true for n = fc. Taking into account the formula 

Vi = ij{zi)j{zi+-i), 1 < 2 < fc - 1, 

we see that for any 1 < i < k — 2, the pair (yi,yj+i) is ff-composable with the 
product 

yiVi+i = ij{zi)j{zi+2) = ij{zi)j{ziXi+iXi+2) = Zi* {xi+iXi+2). 
Now, the (fc — 2)-tuples 

(2/1, • • • , yi-i,yiyi+i,yi+2, yt-i) 

= do{xi,.. . ,Xi,Xi+iXi+2,Xi+3, . . .,Xk), l<i<k-2, 

as well as 

{yi, ■ ■ ■,yk-2) = do{xi, . . .,xk-i), (2/2, • • ■,yk-i) = do{xiX2, . . ■,xk-i), 

are all in 14- 1 by the induction hypothesis, and thus {yi, . ■ . ,yk-i) &Vk- D 

Definitions (36), (38) also make sense for n = 2, and, additionally, we extend 
them for three more values n = —1, 0, 1 as follows: 

(n = —1) as V-i is a terminal object in the category of sets, there are no other choices 
but one for the map c^olvbi 
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(n = 0) if for ^ e Vi we denote [A] the connected component of G defined by A, 
then 

(39) doA=[A*], diA=[A]; 

(n = 1) using the domain (source) and the codomain (target) maps of the groupoid 

G (viewed atcgory), wc define 

(40) dox = cod(j(x)), dix = cod(x), 92a; = dom(a;), a; G V2. 

For any n > — 1, let i?„ = ZVn be the abeUan group freely generated by the 
elements of V,i- Define also Bn = 0, if n < — 1. We extend linearly the maps di, 
i € Z>o to a family of group endomorphisms 

di'. B ^ B, B — (BnezBn 

so that di\B„ = if z > n. Then, the formal linear combination 

a = ^(-l)^a, 

i>0 

is a well defined endomorphism of the group B such that 9-B„ c -B„_i. 

Proposition 11. The group B is a chain complex with differential d and grading 

operator p: B ^ B, p\b„ = ri. 

Proof. It is immediate to see that the group homomorphism 9' = 9o — 9 is a 
restriction of the differential of the standard integral (augmented) chain complex 
of the nerve N{G) so that 9'^ = 0. Now, due to the latter equation, the equation 
9^ = is equivalent to the equation 

dl = 9o9' + 9'9o 

which can straightforwardly be checked on basis elements. □ 
Proposition 12. There exists a unique sequence of set-theoretical maps 

Si : §00 §00 ) i € Z>o, 

such that for any j G Z>o, 

{Sj-i if i < j - 1; 
1 if*e{j-l,i}; 
Sj if i > j, 

and 

(42) Si{gh) = Si{g)Sg-i^i){h), yg,h€S^. 

Proof. Prom the identity 

Si{g) = Si{lg) = 6i{l)di{g) 

it follows immediately that 6i{l) = 1 for any i G Z>o. To prove the statement 
it is enough to check consistency of the defining relations of the group §00 with 
formulae (41), (42), i.e. the equations 

^i(Sj)^s,(z)(s/c) = Stisk)Ss^(i){Sj), \j -k\>l, 

Hsj)ds.(^i){sj) = 1, Vi e Z>o, Vj e Z>o. 
This is a straightforward verification. □ 
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(44) di OSj={ 



Remark 6. For any n > 1, we have Si(Sn) C Sn-i, < i < n. 

Proposition 13. For any n > —1 the set Vn has a unique canonical (i.e. indepen- 
dent of particularities of a A-groupoid) structure of an Sn+i-set such that 

(43) diog = 6i{g) o 0<i<n, g e S„+i. 

Proof. For n < the statement is trivial For n > and g e {si, . . . ,Sn}, equa- 
tions (43) take the form 

Sj-iodi ifi<j-l; 
dj ifi=j-l; 
dj-i if i = j; 
Sj o di if I > j. 

In the case n = 1, together with equations (39), these imply that for any A € Vi 
d,{si{A)) = d,{A*), je{0,l}. 
The only canonical solution to these equations is of the form 

(45) si{A)=A*, VAeVi. 

In the case n = 2, equations (44), (40), and (45) imply that 

dm O Sl = dmO j, dm O S2 = dm ° i, < m < 2, 

with only one canonical solution of the form 

si{x) = j{x), S2{x) = a;"\ Va; e V2. 

In the case n > 2, one can show that the following formula constitutes a solution 
to system (44): 

(46) Si{xi, . . . ,Xn~l) 
{j{xi),Xi*X2,{xiX2)*X3,...,{xi---Xn-2)*Xn-l) if 1 = 1; 

{x^^,xiX2,X3,...,Xn-i) if i = 2; 

(a;i, . . . ,Xi-3,Xi-2Xi-i,Xi\,Xi-iXi,Xi+i, . . .,Xn-i) if 2 < i < n; 

^ {Xi,...,Xn-3,Xn-2Xn-l,X~\) if i = n, 

where we use the binary operation (37). Let us show that there are no other 
(canonical) solutions. 

We proceed by induction on n. The case n < 2 has already been proved. Assume, 
that the solution is unique for n = m — 1 > 2. For n = m, equation (43) with 
i G implies that 

{y2,---,ym-l) = Si{g){dg-i(^i){xi,...,Xm-l)), 
{yi,---,ym-2) = Sm{g){dg-i(^m){xi,---,Xm-l)), 

where (j/i, . . . ,ym-i) = g{xi, ■ ■ ■ ,Xm-\)- By the induction hypothesis, the right 

hand sides of these equations are uniquely defined, and so are their left hand sides. 
The latter, in turn, uniquely determine the (m— l)-tuple (yi, . . . , Um-i), and, thus, 
the solution is unique for n = m. □ 

Proposition 14. The sub-group Ad B, generated by the set of elements 
U„>i{a; + Six\ x&Vn, l<i<n}, 

is a chain sub-complex. 
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Proof. From the definition of A it follows that A = (Bnez^n with A„ = AC\ Bn- 
Let us show that dAn C An-i- For any x GVn and 1 < i < n, we have 

i — 2 i n 

d{x+Six) = ^{-iydj{x+Six)+ {-iydj{x+Six)+ ^ {-iydj{x+Six) 

i=o i=i-l 

i—2 i n 

= j2{-iy{i+si_,)djx+ J2 {-iy{djx+d,,^j)x)+ J2 

j=0 j=i-l j=i+l 

i-2 n 

= Y,{-^y{^+si-i)djx+ J2 {-'^y{^+si)djxeAn-i. 

□ 

Thus, there is a short exact sequence of chain complexes: 

O^A^B^C = B/A 0. 

Definition 4. Integral homology -ff* (G) of a A-groupoid G is the homology of the 
chain complex C = A/B. 

Conjecture 1. Let T and T' be two ideal triangulations of a (cusped) 3-manifold, 

related by a 2 — 3 Pachncr move. Let G and G" be the associated A-groupoids. 
Then, the corresponding homology groups H,:{G) and H,:(G') are isomorphic. 

Remark 7. Conjecture 1 is true for any hyperbolic knot K when the ideal tri- 
angulations are geometric. In this case the corresponding A-groupoid homology is 

not interesting: one has the isomorphism (Gif) ~ -ff, (S'^/fiT, Z), and it is well 
known fact that the homology of the space S'^ /K is independent of K: 



otherwise. 



However, it might be interesting for non-hyperbolic knots, for example, one has the 
following results of calculations for the two simplest torus knots of types (2, 3) and 
(2,5) (with some particular choices of ideal triangulations): 



8. Conclusion 



Z, if n = 2; 
h, ifn = 3; 
0, otherwise. 



The algebraic structure of A-groupoids seems to be profoundly related with 

combinatorics of (ideal) triangulations of three-manifolds. Functorial relations of 
A-groupoids to the category of rings permit us to construct ring- valued invariants 
which seem to be interesting. In the case of knots, these rings are universal for 
restricted class of representations of knot groups into the group GL{2, R), where R 
is an arbitrary ring. 

Ideal triangulations of link complements give rise to presentations of associated 

A-groupoids which, as groupoids with forgotten A-structure, have as many con- 
nected components as the number of link components. In particular, they are 
connected groupoids in the case of knots. In general, two A-groupoids associated 
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with two ideal triangulations of one and the same knot complement arc not isomor- 
phic, but one can argue that the corresponding vertex groups are isomorphic. In 
this way, we come to the most evident A-groupoid knot invariant to be called the 
vertex group of a knot. It is not very sensitive invariant as one can show that it 
is trivial one-element group in the case of the unknot, isomorphic to the group of 
integers Z for any non-trivial torus knot, and isomorphic to the group = Z © Z 
for any hyperbolic knot. Moreover, it is trivial at least for some connected sums, 
e.g. 3i#3i or 3i#4i. In the light of these observations it would be interesting to 
calculate the vertex group for satellite knots which are not connected sums. 

One can also refine the vertex group by adding extra information associated with 
a distinguished choice of a meridian-longitude pair. In this way one can detect the 
chirality of knots, for example, in the case of the torus knot Tp^q of type {p, q) and 
its mirror image T*g. In both cases, the vertex group, being the infinite cyclic 
group, is generated by the meridian m, while the longitude I is given as I = m^'^ 
for Tp,g, and I = m-^i for T*^^. 

Finally, we have defined the integral A-groupoid homology which seems not to 
be very interesting in the case of hyperbolic knots, but could be of some interest in 
the case of non-hyperbolic knots. 
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